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AN OPTIMALITY C R I T E R I O N  FOR SIZING MEMBERS OF HEATED 

STRUCTURES WITH TEMPERATURE CONSTRAINTS 

G. Venkateswara Rao,* Charles P. Shore,  
and R .  Narayanaswami** 
Langley Research Center 

SUMMARY 

A thermal o p t i m a l i t y  c r i t e r i o n  is presented f o r  s i z i n g  members o f  heated 
s t r u c t u r e s  w i t h  mu l t ip l e  temperature  c o n s t r a i n t s .  The op t ima l i ty  c r i t e r i o n  is  
similar t o  an e x i s t i n g  o p t i m a l i t y  c r i t e r i o n  f o r  des ign  o f  mechanically loaded 
s t r u c t u r e s  w i t h  d isplacement  c o n s t r a i n t s .  E f fec t iveness  of  the  thermal o p t i -  
ma l i ty  c r i t e r i o n  is assessed by apply ing  it  to  one- and two-dimensional thermal  
problems where temperatures  can be c o n t r o l l e d  by varying t h e  material d i s t r i b u -  
t i o n  i n  the  s t r u c t u r e .  Resu l t s  obtained from t h e  o p t i m a l i t y  c r i t e r i o n  agree  
wi th in  2 percent  wi th  r e s u l t s  from a closed-form s o l u t i o n  and w i t h  r e s u l t s  from 
a mathematical programing technique.  The t h e r m a l  o p t i m a l i t y  c r i t e r i o n  augments 
e x i s t i n g  op t ima l i ty  cr i ter ia  f o r  s t r e n g t h  and s t i f f n e s s  related c o n s t r a i n t s  and 
o f f e r s  t h e  p o s s i b i l i t y  o f  ex tens ion  o f  op t ima l i ty  techniques  t o  s i z i n g  s t r u c t u r e s  
wi th  combined thermal  and mechanical loading .  

INTRODUCTION 

Aerospace s t r u c t u r e s  may be subjec ted  t o  severe  mechanical and thermal 
loading .  E f f i c i e n t  des igns  f o r  such s t r u c t u r e s  inc reas ing ly  r e q u i r e  use of  
automated design methods t o  determine minimum-mass s t r u c t u r a l  arrangements t h a t  
s a t i s f y  s e v e r a l  mechanical and thermal des ign  requirements .  Both mathematical 
programing methods ( re f .  1 )  and o p t i m a l i t y  c r i t e r i a  (refs.  2 t o  4 )  have been 
proposed f o r  automated des ign  o f  mechanically loaded s t r u c t u r e s  wi th  s t r e n g t h ,  
s t i f f n e s s ,  and f l u t t e r  c o n s t r a i n t s .  

Recent s t u d i e s  have focused on r e s i z i n g  procedures  f o r  s t r u c t u r e s  under 
combined mechanical and thermal  loading  wi th  s t r e n g t h  c o n s t r a i n t s .  I n  refer- 
ences  5 and 6 ,  s t eady- s t a t e  thermal  effects  were inc luded  i n  an  i m p l i c i t  f a sh ion  
through s t r e n g t h  requi rements ;  however, temperatures  i n  t he  s t r u c t u r e  were n o t  
updated as a r e s u l t  o f  s t r u c t u r a l  r e s i z i n g  and s i g n i f i c a n t  unknown d i f f e r e n c e s  
can e x i s t  between f i n a l  and i n i t i a l  temperature  d i s t r i b u t i o n s  i n  t he  s t r u c t u r e .  
E x p l i c i t  thermal  des ign  requirements  and updat ing of  tempera tures  du r ing  the  
r e s i z i n g  process  were inc luded  i n  a f ini te-element-based mathematical  programing 
method descr ibed i n  r e f e r e n c e  7 where membrane element t h i cknesses  and bar ele- 
ment areas were used as  des ign  v a r i a b l e s  t o  a d j u s t  average element temperatures .  

*NRC-NASA Resident  Research-Assoc ia te .  
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The p resen t  paper p r e s e n t s  an o p t i m a l i t y  c r i t e r i o n  which sa t i s f ies  temper- 
a t u r e  requirements  and permi ts  updat ing of s t r u c t u r a l  nodal  temperatures  dur ing  
r e s i z i n g .  The o p t i m a l i t y  c r i t e r i o n  r e s i z i n g  formulas  are similar t o  those  of  
r e f e r e n c e  3 f o r  design of  mechanical ly  loaded s t r u c t u r e s  w i t h  displacement con- 
s t r a i n t s .  Only tempera tures  (no t  stresses) are considered i n  t h e  p re sen t  paper ,  
and use of  t h e  c r i t e r i o n  is i l l u s t r a t e d  by apply ing  i t  t o  s e v e r a l  examples wi th  
both one- and two-dimensional h e a t - t r a n s f e r  characterist ics.  An e x i s t i n g  
closed-form s o l u t i o n  (ref.  8) is used t o  assess the  e f f e c t i v e n e s s  o f  t h e  o p t i -  
ma l i ty  c r i t e r i o n  f o r  one-dimensional problems, and a mathematical  programing 
technique described i n  r e f e r e n c e s  9 and 10 is  used f o r  a similar assessment f o r  
two-dimensional problems. 

SYMBOLS 

Values are given i n  both SI  and U . S .  Customary Uni t s .  The measurements 
and c a l c u l a t i o n s  were made i n  U . S .  Customary Uni t s .  

A area o f  bar  element 
- 
A = A/Ao 

a g e n e r a l  des ign  v a r i a b l e  

B i  Biot  number, hlb2/kAo f o r  b a r  and hlp2/kto f o r  p l a t e  

b convergence parameter 

C , C I  ,C2,C3 

rcl conductance mat r ix  

p o i n t s  on bar and p l a t e  a t  which c o n s t r a i n t s  are app l i ed  

F c o n s t r a i n t  func t ion  

CHI convect ive  mat r ix  

h convect ive h e a t - t r a n s f e r  c o e f f i c i e n t  

k thermal conduct iv i ty  

‘b length  o f  b a r  

c h a r a c t e r i s t i c  l eng th  of  p l a t e  IP  

R l ength  o f  bar element 

m mass o f  s t r u c t u r e  

Nb number of b a r  e lements  

2 



NG heat-generat ion number, qlb2/kAoTo f o r  bar and qlp/ktoTo f o r  p l a t e  

number of p l a t e  e lements  

number o f  p o i n t s  a t  which tempera tures  are cons t r a ined  

NP 

NT 

{Q} u n i t  thermal load  vec to r  

q rate o f  heat i n p u t  

(91 1 thermal load vec to r  

1412 convect ion load vec to r  

s s u r f a c e  area o f  plate  element 

T temperature  

{TI  temperature  vec to r  

{ TQ} temperature  vec to r  corresponding t o  { Q} 

T a  ambient temperature  

T a  nondimensional ambient temperature  
- 

TC s p e c i f i e d  temperature  a t  p o i n t  c 
- _  - - 
Tc 9 Tcl 9 Tc2 Tc3 s p e c i f i e d  nondimensionalized temperatures  a t  c o n s t r a i n t  

p o i n t s  c ,  C I ,  c2 ,  and c 3  

t th i ckness  o f  p l a t e  element 

V volume of  s t r u c t u r e  
r 

- 
V 

v/Aolb for bar 

v/tolp2 f o r  p la te  

X,Y Car te s i an  coord ina te s  

X,Y nondimensional Ca r t e s i an  coord ina te s ,  X / l b , p  and y / lb ,p ,  
- -  

r e s p e c t i v e l y  

Y s t ep - s i ze  parameter 

x Lagrangian m u l t i p l i e r  

P d e n s i t y  

3 



Sub s c r i p t s  : 

b b a r  

i i t h  bar element 

j j t h  bar element 

k number of  c o n s t r a i n t  p o i n t  

0 r e fe rence  va lue  

P p l a t e  

OPTIMALITY CRITERION 

An o p t i m a l i t y  c r i t e r i o n  f o r  thermal ly  loaded s t r u c t u r e s  is  developed from 
t h e  gene ra l  t rea tment  presented i n  r e f e r e n c e  3 f o r  problems which can be charac- 
terized by an o b j e c t i v e  func t ion  
a b l e s  a i  

m t h a t  is  dependent on a group o f  des ign  v a r i -  

and an e q u a l i t y  c o n s t r a i n t  func t ion  t h a t  may be i m p l i c i t l y  dependent on the  
des ign  v a r i a b l e s  a i  

F ( a i )  - Fc = 0 (2) 

The q u a n t i t y  Fc i s  the  des i r ed  va lue  of  F ( a i )  a t  p o i n t  c .  

To o b t a i n  t h e  necessary condi t ion  f o r  a minimum of  m s u b j e c t  t o  equa- 
t i o n  (21, first append t h e  c o n s t r a i n t  cond i t ion  t o  t he  o b j e c t i v e  func t ion  w i t h  
a Lagrangian m u l t i p l i e r  

and then equate  t o  z e r o  the  first p a r t i a l  d e r i v a t i v e s  o f  
t he  design v a r i a b l e s  a i  

m* w i t h  r e s p e c t  t o  

Equation ( 4 )  is a l s o  called the  o p t i m a l i t y  c r i t e r i o n .  

4 
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For two-dimensional thermal ly  loaded s t r u c t u r e s  t h e  response q u a n t i t y  
is the s t r u c t u r a l  temperature  and is given by t h e  fo l lowing  p a r t i a l  d i f f e r e n t i a l  
equat ion and the  a p p r o p r i a t e  thermal  boundary condi t ions :  

F ( a i )  

-(kx a ax E) + &(ky E) + Q = 0 
( 5 )  

where kx and ky are t h e  material thermal c o n d u c t i v i t i e s  i n  t h e  x- and 
y -d i r ec t ions ,  r e s p e c t i v e l y ,  and Q is  t h e  app l i ed  thermal loading .  

Equation ( 4 )  is s p e c i a l i z e d  i n  r e fe rence  3 f o r  f in i t e - e l emen t  represen-  
t a t i o n s  o f  mechanical ly  loaded s t r u c t u r e s  wi th  d e f l e c t i o n  c o n s t r a i n t s .  The 
f in i t e - e l emen t  r e p r e s e n t a t i o n  a l lows  both m(ai) and aF(a i ) / aa i  t o  be 
expressed as sums of  i n d i v i d u a l  member c o n t r i b u t i o n s .  A s  a r e s u l t ,  t h e  simul- 
taneous  equa t ions  r ep resen ted  by equat ion  ( 4 )  uncouple and can be solved by 
s imple r e c u r s i v e  formulas .  

For s t r u c t u r e s  wi th  both convec t ive  and conduct ive modes o f  heat t r a n s f e r  
p r e s e n t ,  equa t ion  ( 5 )  can be w r i t t e n  i n  f in i te -e lement  mat r ix  n o t a t i o n  as 

where [D] 
and conduct ive h e a t  t r a n s f e r ,  
{q} 1 and {q}2 are a p p l i e d  thermal  and convect ive heat load v e c t o r s ,  respec-  
t i v e l y .  S ince  equat ion  ( 6 )  is analogous t o  t h e  corresponding equat ion  for 
displacements  i n  mechanical ly  loaded s t r u c t u r e s  and s i n c e  use of  thermal f i n i t e  
e lements  a l s o  permi ts  uncoupling o f  t h e  s imultaneous equa t ions  r ep resen ted  by 
equat ion  (41 ,  t h e  o p t i m a l i t y  c r i t e r i o n  f o r  d e f l e c t i o n  c o n s t r a i n t s  developed i n  
r e f e r e n c e  3 can be adapted t o  problems w i t h  temperature  c o n s t r a i n t s .  Appro- 
p r i a t e  express ions  f o r  t h e  o p t i m a l i t y  c r i t e r i o n  and r e s i z i n g  formulas  f o r  ba r  
and p l a t e  e lements  are now restated i n  terms o f  thermal q u a n t i t i e s .  Equation 
numbers from r e f e r e n c e  3 are a l s o  g iven .  For c l a r i t y  and completeness de ta i l s  
of  t he  adap ta t ion  are presented  i n  t h e  appendix.  

is a h e a t - t r a n s f e r  mat r ix  and inc ludes  terms f o r  bo th  convec t ive  
is a vec to r  o f  unknown tempera tures ,  and {T} 

Opt imal i ty  C r i t e r i o n  and Resizing Formulas f o r  a 

S i n g l e  Temperature Cons t r a in t  

For a s i n g l e  temperature  c o n s t r a i n t  t h e  o p t i m a l i t y  c r i t e r i o n  g iven  by 
equat ion  ( 4 )  can be expressed i n  a form similar t o  equat ion  (44 )  of  r e fe rence  3 
as 

e i  
- =  1 
pb 

(7)  
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f o r  bar elements and 

e j  - =  1 

f o r  p la te  elements where 

and 

m 

J S j t j  

I n  t h e  express ions  f o r  e i  and e j ,  1 is t h e  unknown Lagrangian m u l t i p l i e r ,  
{T} is t h e  vec to r  o f  nodal  temperatures  obta ined  by s o l u t i o n  o f  equat ion  ( 6 )  
f o r  the  a p p l i e d  thermal loading ,  
(TQ} 
thermal load app l i ed  a t  the  c o n s t r a i n t  p o i n t  c ,  R i  and A i  are t he  l eng th  
and area of  the  i t h  bar element,  r e s p e c t i v e l y ,  and S j  and t j  are t h e  s u r f a c e  
area and th i ckness  o f  t he  j t h  plate  element ,  r e s p e c t i v e l y .  The s u b s c r i p t s  i 
and j on the  q u a n t i t i e s  {T} , [C], and {TQ} i n d i c a t e  t h a t  these q u a n t i t i e s  
are as soc ia t ed  w i t h  t he  i t h  bar  element o r  t h e  j t h  plate  element.  

[C] is the  e lementa l  conduc t iv i ty  mat r ix ,  
is  the  temperature  vec to r  obtained by s o l u t i o n  o f  equat ion  (6)  f o r  a u n i t  

The r e s i z i n g  formula given by equat ion  (48 )  of  r e f e r e n c e  3 is r e w r i t t e n  
as 

f o r  bar  elements and 

t j , n + 1  = (2Jtj,. (12) 

fo r  plate elements ,  where n i 9  t h e  i t e r a t i o n  number and y is  a paramter t h a t  
c o n t r o l s  t he  s t e p  s ize .  

6 



Opt imal i ty  C r i t e r i o n  and Res iz ing  Formulas f o r  

Mul t ip l e  Temperature Cons t r a in t s  

If t h e  s t r u c t u r e  h a s  NT temperature  c o n s t r a i n t s  a t  p o i n t s  Ck 
( k  = 1 ,  2 ,  . . ., N T ) ,  NT Lagrangian m u l t i p l i e r s  are requ i r ed ,  and e 
t i o n  (22) of  r e fe rence  3 can be r e w r i t t e n  f o r  bar elements  as 

E i  
- = 1  
pb 

and f o r  p l a t e  e lements  as  

E j  

pP 
- =  1 

where 

and 

T f xk(T} jCclj{TQ} j , k  
E j  = 

S j t j  
k= 1 

The r e s i z i n g  formulas  become 

f o r  ba r  e lements  and 

f o r  p l a t e  e lements .  

la- 

(13) 

(14)  

(16)  



In the resizing formulas the Lagrangian multipliers are determined by 
equation (7)  of reference 4 rewritten as 

where Tk and T,,k are the temperature and the desired temperature at the 
kth constraint point, respectively, and b is a convergence parameter. Equa- 
tion (19) also permits consideration of inequality constraints of the form 

Tk6 Tc,k (20) 

since for passive constraints successive values of become small and eventu- 
ally approach zero and their impact in the resizing formulas becomes negligible. 

xk 

The number of iterations required to obtain a minimum-mass design depends 
on the value of the step-size parameter Y in equations (111, (121, (17),  and 
(18) and on the value of the convergence parameter b in equation (19). Gener- 
ally, a trial-and-error technique is used to find values of Y and b which 
lead to minimum-mass designs with the fewest iterations. Since these parameters 
may be problem dependent, new values of Y and b should be determined for 
each new type of problem. 
design variables and initial values of 1, 
mulas. A s  a general procedure, for the problems considered herein, a unit 
initial design vector and unit initial values of 
process. 

To start the resizing process, an initial vector of 
are required in the resizing for- 

xk are used to start the 

RESULTS AND D I S C U S S I O N  

The effectiveness of the optimality criterion for problems with temperature 
constraints is assessed by applying the resizing formulas presented in the pre- 
vious section to the following problems involving uniform heating: 

(1) Cooling fin: A one-dimensional heat conduction problem with a single 
temperature constraint. Results for no convective heat loss are presented to 
demonstrate the effect of both the step-size parameter y and the convergence 
parameter on the resizing process and to assess effects of discretization 
on convergence to the closed-form solution for the minimum-mass design of cooling 
fins presented in reference 8. 
fin mass for a given heating condition are also presented. 

b 

Effects of convective heat loss on the minimum 

(2) Square plate: A two-dimensional heat conduction problem with a single 
Effects of convective heat loss on minimum plate mass temperature constraint. 

for given heating conditions are considered, and results from the optimality 
criterion are compared with similar results obtained from the mathematical pro- 
graming technique of usable feasible directions described in references 9 and 10. 

8 



(3) Triangular plate: Similar to the square-plate problem except that 
convective heat loss is not included and effects of multiple temperature con- 
straints are considered. 

( 4 )  Combined plate and bars: A problem with both one- and two-dimensional 
heat conduction paths and with multiple temperature constraints. Convective 
heat losses are not considered; however, two materials with different mass 
densities and thermal conductivities are used for the plates and bars to deter- 
mine a minimum-mass solution for a problem with mixed materials. 

Cooling Fin 

The geometry of a cooling fin with the associated boundary conditions is 
shown in figure 1. Heat is generated in the fin at a constant rate of q per 
unit length, and convective heat loss may occur over both the top and bottom 
fin surface. The end X = 0 is maintained at a nondimensional temperature of 
zero, and the insulated end (point c) is constrained to a given value. The 
objective is to minimize the fin mass ( o r  volume for constant material density) 
while satisfying the constraint condition. 

One-dimensional thermal finite elements with uniform areas and cubic tem- 
perature distributions were used to model the cooling fin to determine the tem- 
perature distribution. The elements have two nodes with T and dT/dx as 
nodal degrees of freedom. 

Results without convective heat loss.- The cooling fin problem without 
convective heat loss was used to determine values for 4?he step-size parameter y 
and the convergence parameter b in the resizing formulas (eqs. (11) and ( 1 9 ) ) .  
Based on results from references 3 and 4, a value of 0.5 was initially used for 
y. The fin was idealized by five elements and minimum-volume solutions were 
- obtained for a heat-generation number NG = 1.0, a constraint temperature - 
Tc = 0.3, and - values of b from 0.1 to 0.9. Results for the fin volume V, 
temperature Tc at the constraint point, and the number of iterations required 
to reach convergence are given in table I as functions of b. The number of 
iterations for convergence are also plotted as a function of b in figure 2. 
The data indicate that each solution converges to the same minimum fin volume; 
however, values of b from 0.5 to 0.7 require the fewest iterations to reach 
converged values of the fin volume and simultaneously satisfy the temperature 
constraint to four significant digits. The convergence parameter b = 0.5 
was selected as a best value for this problem. Additional solutions were then 
obtained for b = 0.5 and values of the step-size parameter y of 1 and 113. 
Results from these solutions revealed that y = 1 caused the resizing process 
to diverge and that y l/3 increased the number of iterations required for 
convergence. Since the other problems considered in this investigation were 
similar to the fin problem, values of y 0.5 and b = 0.5 were used for the 
remaining calculations. Values of these parameters, which produce most rapid 
convergence, however, are problem dependent and should be redetermined for 
problems which differ significantly from those considered herein. 

To study the effects of discretization on the finite-element procedure 
used for this problem, the fin was modeled with 5, IO, and 20 elements and 

9 
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minimum fin 'volumes were determined f o r  NG = 1.0 and Tc = 0.3.  The r e s u l t s  
are given i n  table I1 and f i g u r e  3 and are compared w i t h  similar r e s u l t s  from 
the  closed-form s o l u t i o n  of r e fe rence  8. Converged v a l u e s  of  t h e  minimum f i n  
volume as a func t ion  of  the  number o f  e lements  are shown i n  f i g u r e  3 ( a ) .  The 
f in i te -e lement  r e s u l t s  approach t h e  closed-form s o l u t i o n  slowly as the number 
o f  e lements  is inc reased ;  the  d i f f e r e n c e  between the  two s o l u t i o n s  dec reases  
from 2.4 - t o  1 .4  percent  as  t h e  number o f  - elements  i n c r e a s e s  from 5 t o  20. 
volume V and c o n s t r a i n t  temperature  Tc obtained from t h e  20-element s o l u t i o n  
are shown i n  f i g u r e s  3 ( b )  and 3 (c ) ,  r e s p e c t i v e l y ,  as a - func t ion  o f  i t e r a t i o n  
number. The data i n d i c a t e  t h a t  good convergence f o r  V and i s  obta ined  
i n  5 t o  10 i t e r a t i o n s .  More d e t a i l e d  r e s u l t s  are g iven  i n  table  11. 

F in  

F in  c ros s - sec t iona l  area d i s t r i b u t i o n s  f o r  t h e  5-, lo- ,  and 20-element 
s o l u t i o n s  are compared w i t h  t h e  area d i s t r i b u t i o n  from t h e  closed-form s o l u t i o n  
i n  f i g u r e  4. 
approach the closed-form s o l u t i o n  as  the  number o f  e lements  i nc rease .  The 
20-element s o l u t i o n  f o r  t h e  f i n  volume is  w i t h i n  2 pe rcen t  o f  t h e  closed-form 
s o l u t i o n .  However, n e a r  t h e  f i n  r o o t ,  t h e  areas g iven  by t h e  o p t i m a l i t y  c r i t e -  
r i o n  method are less  than t h e  closed-form s o l u t i o n .  Near the  t i p ,  t h e  areas 
g iven  by the  o p t i m a l i t y  c r i t e r i o n  method are greater than  t h e  closed-form so lu-  
t i o n .  A f i n e r  mesh s i z e  near  t h e  f i n  t i p  or use o f  tapered elements  could 
improve t h e  agreement between the  f in i te -e lement  s o l u t i o n  and the  closed-form 
s o l u t i o n ;  however, s i n c e  t h e  o b j e c t i v e  o f  t h i s  i n v e s t i g a t i o n  is t o  demonstrate 
t he  use of  t h e  o p t i m a l i t y  c r i t e r i o n ,  such re f inements  are considered 
unwarranted . 

The area d i s t r i b u t i o n s  from t h e  o p t i m a l i t y  c r i t e r i o n  method s lowly 

The f i n  temperature  d i s t r i b u t i o n  from t h e  20-element s o l u t i o n  is compared 
w i t h  t h e  closed-form s o l u t i o n  i n  f i g u r e  5. A t  t h e  c e n t e r  o f  t h e  f i n ,  t h e  
temperatures  g iven  by the  f in i te -e lement  s o l u t i o n  are approximately 6 pe rcen t  
greater than the  temperatures  given by the  closed-form s o l u t i o n .  Again, t h i s  
d i f f e r e n c e  is a t t r i b u t a b l e  t o  use of  cons tan t -a rea  elements  and could be removed 
by use o f  a f i n e r  mesh s i z e  or tapered elements .  

Resu l t s  w i t h  convec t ive  heat loss.- To determine t h e  in f luence  of  terms 
i n  the  hea t - t r ans fe r  mat r ix  [D], which are no t  f u n c t i o n s  of  the  des ign  v a r i -  
ables (see d i scuss ion  i n  t h e  appendix) ,  s o l u t i o n s  f o r  minimum f i n  volume were 
obtained by - us ing  5 ,  IO, and - 20 elements  f o r  va lues  of  B i  from 0 t o  0.5 and 
NG = 1.0,  T, = 0.3,  and Ta = 0.05. Converged v a l u e s  o f  minimum f i n  volume 
were obtained w i t h i n  20 i t e r a t i o n s  f o r  each i d e a l i z a t i o n  and va lue  o f  
(See table 111.) 
effects  on the  r e s i z i n g  process  o f  inc luding  cons t an t  terms i n  the  h e a t - t r a n s f e r  
mat r ix  [D] appear  t o  be n e g l i g i b l e  f o r  t h i s  problem. Area and temperature  
d i s t r i b u t i o n s  from t h e  20-element s o l u t i o n  f o r  are shown ig 
f i g u r e s  6 ( a )  and 6 ( b ) ,  r e s p e c t i v e l y .  The v a r i a t i o n  o f  minimum f i n  volume V 
w i t h  B i  is shown i n  f i g u r e  7. These r e s u l t s  i n d i c a t e  t h a t  t h e  minimum f i n  
volume decreases and temperatures  i n  t h e  f i n  i n c r e a s e  as convect ive  heat l o s s e s  
inc rease .  

B i .  
S ince  converged s o l u t i o n s  were obta ined  w i t h i n  20 i t e r a t i o n s ,  

B i  = 0 and 0.5 
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Square Plate  

The e f f e c t i v e n e s s  of  the  o p t i m a l i t y  c r i t e r i o n  r e s i z i n g  formulas f o r  two- 
dimensional  problems wi th  and wi thout  convec t ive  h e a t  l o s s e s  was a s ses sed  by 
ob ta in ing  minimum-mass (minimum volume f o r  constant-mass d e n s i t y )  s o l u t i o n s  
f o r  a uniformly heated square  p l a t e  wi th  a s i n g l e  temperature  c o n s t r a i n t .  Two- 
dimensional t r i a n g u l a r  thermal  f i n i t e  e lements  o f  cons t an t  t h i ckness  wi th  a 
q u a d r a t i c  temperature  d i s t r i b u t i o n  were used t o  determine the  temperature  
response o f  t h e  p l a t e .  The elements  had s i x  nodes, three a t  t h e  v e r t i c e s  and 
t h r e e  a t  t h e  midpoints  o f  t h e  s i d e s ;  temperature  w a s  t he  nodal  degree of free- 
dom. The geometry, f i n i t e - e l emen t  subd iv i s ion ,  and thermal  boundary c o n d i t i o n s  
f o r  - t h e  p l a t e  are shown i n  f i g u r e  8. Temperature a t  p o i n t  c was cons t r a ined  
t o  Tc = 10.0 and convec t ive  hea t  l o s s  t o  t h e  ambient atmosphere could occur  
from both t o p  and - bottom p l a t e  s u r f a c e s .  Minimum-volume s o l u t i o n s  were obta ined  
f o r  NG = 1.0,  Ta = 5.0 ,  and va lues  o f  B i  = 0 (no convect ive hea t  l o s s ) ,  
0.025, and 0.075. I t e r a t i o n  h i s t o r i e s  f o r  t h e  p l a t e  volume and temperature  a t  
t h e  c o n s t r a i n t ’ p o i n t  are g iven  i n  table I V .  Resu l t s  from t h e  mathematical pro- 
graming technique of  r e f e r e n c e s  9 and 10 are a l s o  shown. 

Resu l t s  wi thout  convec t ive  hea t  loss.- Resu l t s  i n  table I V  i n d i c a t e  t h a t  
i n  t h e  absence o f  convec t ive  heat l o s s  converged va lues  of  t h e  p l a t e  volume and 
temperature  a t  t h e  c o n s t r a i n t  p o i n t  are obtained w i t h  20 i t e r a t i o n s  and agree 
wi th  t h e  mathematical  programing r e s u l t s  w i th in  approximately 1 percent .  The 
th i ckness  d i s t r i b u t i o n  corresponding t o  t h e  minimum-volume s o l u t i o n  f o r  t h e  
f in i t e - e l emen t  mesh shown i n  f i g u r e  8 is presented  i n  f i g u r e  9.  S ince  t h e  
p l a t e  is symmetrical  about  t h e  d iagonal ,  on ly  ha l f  of  t h e  p l a t e  i s  shown. The 
greatest material th i ckness  is requ i r ed  a long  t h e  i n s u l a t e d  edges o f  t h e  p l a t e  
where t h e  th i ckness  i n c r e a s e s  from t h e  c o n s t r a i n t  p o i n t  t o  t h e  h e a t  s i n k .  The 
temperature  d i s t r i b u t i o n  i n  t h e  p l a t e  f o r  t h e  minimum-volume s o l u t i o n  is  shown 
i n  f i g u r e  10 and i n d i c a t e s  t h a t ,  a l though t h e  temperature  c o n s t r a i n t  a t  p o i n t  C 
is  sa t i s f ied ,  t h e  temperature  a t  one po in t  on t h e  d iagonal  is approximately 

2- times t h e  c o n s t r a i n t  temperature .  Thus, if it is  important  t h a t  t empera tures  

over t h e  e n t i r e  p l a t e  do no t  exceed t h e  va lue  a t  po in t  c ,  then tempera tures  
a t  a d d i t i o n a l  p o i n t s  must be cons t r a ined .  Thickness and temperature  d i s t r i -  
bu t ions  from t h e  mathematical programing technique  were v i r t u a l l y  the  same as 
those  from t h e  o p t i m a l i t y  c r i t e r i o n .  

1 

2 

- 
Resu l t s  wi th  convec t ive  heat loss.- I t e r a t i o n  h i s t o r i e s  of  v and T 

a t  t h e  c o n s t r a i n t  p o i n t  f o r  the  square  p l a t e  f o r  B i  = 0 and B i  = 0.075 are 
shown i n  f i g u r e s  I l ( a >  and I l ( b ) ,  r e s p e c t i v e l y .  I n  c o n t r a s t  t o  t h e  cool ing  f i n  
problem, where convergence occurred monotonical ly ,  convergence f o r  the  two- 
dimensional  p l a t e  problem is o s c i l l a t o r y .  Furthermore,  t h e  presence of  t h e  
des ign-var iab le  independent convect ive terms i n  t h e  h e a t - t r a n s f e r  mat r ix  causes  
t h e  temperature  response i n  t h e  p l a t e  t o  become less  s e n s i t i v e  t o  changes i n  
t h e  design v a r i a b l e s  and i n c r e a s e s  t h e  number o f  i t e r a t i o n s  r equ i r ed  f o r  con- 
vergence. Resu l t s  - i n  table  I V  i n d i c a t e  t h a t  t h e  o p t i m a l i t y  c r i t e r i o n  y i e l d s  
va lues  of  7 and T a t  t h e  c o n s t r a i n t  p o i n t  f o r  B i  0.025 and 0.075 tha t  
agree wi th in  approximately 1 percent  w i t h  similar va lues  from t h e  mathematical  
programing technique.  
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Tr iangu la r  Plate 

The geometry, boundary cond i t ions ,  and f in i te -e lement  i d e a l i z a t i o n  f o r  a 
uniformly heated t r i a n g u l a r  p l a t e  are shown i n  f i g u r e  12. The t r i a n g u l a r  ele- 
ments described p rev ious ly  were used t o  determine temperature  response f o r  the  
p l a t e .  
volume s o l u t i o n s  were obtained f o r  t h e  p l a t e  f o r  NG = 1.0 wi th  temperature  
c o n s t r a i n t s  a t  p o i n t s  c1, c2 ,  and c3. Two c o n s t r a i n t  combinations were con- 
s i d e r e d ;  namely, ( 1 )  p o i n t  c3 was cons t r a ined  t o  Tc3 = 10.0 wi th  p o i n t s  c1 
and c2 uncogstraized and (2) Tc3 = 10.0 wi th  p o i n t s  c1 and c2 con- - 
s t r a i n e d  t o  Tcl = Tc2 = 5.0.  I t e r a t i o n  h i s t o r i e s  f o r  minimum p l a t e  volume V 
and temperatures  a t  t h e  c o n s t r a i n t  p o i n t s  from t h e  o p t i m a l i t y  c r i t e r i o n  f o r  
t h e  two c o n s t r a i n t  combinations are shown i n  tables V(a) and V ( b ) ,  r e s p e c t i v e l y .  
F i n a l  r e s u l t s  from the  mathematical  programing technique  o f  r e fe rence  9 are a l s o  
shown. A comparison o f  r e s u l t s  from t h e  o p t i m a l i t y  c r i t e r i o n  and t h e  mathemati- 
cal programing technique i n d i c a t e s  t h a t  t h e  two s o l u t i o n s  f o r  t h e  minimum p l a t e  
volume and c o n s t r a i n t  temperatures  - agree wi th in  about  1 pe rcen t .  ‘The i t e r a t i o n  
h i s t o r i e s  f o r  p l a t e  volumes V and temperatures  a t  t h e  c o n s t r a i n t  p o i n t s  are 
shown i n  f i g u r e s  13(a) and 1 3 ( b ) ,  r e s p e c t i v e l y .  Inc lus ion  o f  t h e  a d d i t i o n a l  
temperature  c o n s t r a i n t s  has  two s i g n i f i c a n t  effects:  ( 1 )  S ince  t h e  c o n s t r a i n t  
temperature  a t  p o i n t s  c1 and c2 is less than t h e  corresponding temperature  
from t h e  s i n g l e  c o n s t r a i n t  s o l u t i o n ,  a d d i t i o n a l  p l a t e  volume is requi red  t o  
s a t i s f y  t h e  c o n s t r a i n t s ;  and (2 )  t h e  number of  i t e r a t i o n s  r equ i r ed  t o  reach  a 
converged p l a t e  volume and s imultaneously s a t i s f y  t h e  m u l t i p l e  temperature  con- 
s t r a i n t s  i s  almost  double t h a t  f o r  t h e  s i n g l e  c o n s t r a i n t  case. 

Convective hea t  l o s s e s  were n o t  included i n  t h i s  problem. Minimum- 

Temperature d i s t r i b u t i o n s  f o r  t h e  s i n g l e  and m u l t i p l e  temperature  con- 
s t r a i n t  cond i t ions  are shown i n  f i g u r e s  1 4 ( a )  and 1 4 ( b ) ,  r e s p e c t i v e l y .  J u s t  
as i n  t h e  case o f  t h e  square p l a t e ,  when t h e  temperature  i s  cons t ra ined  only 
a t  p o i n t  
c o n s t r a i n t  temperature .  The a d d i t i o n a l  c o n s t r a i n t s  a t  p o i n t s  c1 and c2 
improve but  do not  e l i m i n a t e  t h i s  cond i t ion .  
a t u r e s  over t h e  e n t i r e  p l a t e  no t  exceed t h e  va lue  a t  p o i n t  
a t  a d d i t i o n a l  p o i n t s  must be  cons t r a ined .  

c3, t h e  temperature  a t  o t h e r  p o i n t s  on t h e  p l a t e  g r e a t l y  exceed t h e  

If it is  important  t h a t  temper- 
c3, temperatures  

Combined Plate-Bar Problem 

To i l l u s t r a t e  f u r t h e r  t h e  use fu lness  o f  t h e  o p t i m a l i t y  c r i t e r i o n ,  it was 
app l i ed  t o  t h e  combined p la te -bar  problem shown i n  f i g u r e  15(a) .  
used f o r  t h e  p l a t e  material and aluminum was used f o r  t h e  b a r s .  This  s t r u c t u r e  
was r e p r e s e n t a t i v e  o f  a thermal  des ign  problem where one material sat isf ied 
s t r e n g t h  requirements  and t h e  o t h e r  acted as a h igh ly  e f f i c i e n t  conductor t o  
t r a n s f e r  the  i n c i d e n t  hea t  t o  a h e a t  s i n k .  The s t r u c t u r e  was uniformly heated 
a t  a rate o f  
f i g u r e  15(b)  by e i g h t  of t h e  prev ious ly  d e s c r i b e d  t r i a n g u l a r  thermal f i n i t e  
e lements  and f o u r  bar elements .  Three noded cons tan t -a rea  bar elements  wi th  
q u a d r a t i c  temperature  d i s t r i b u t i o n s  were used t o  model t h e  bars t o  i n s u r e  

Titanium was 

q = 34.1 kW/m2 ( I O  800 Btu / f t2-hr )  and w a s  i d e a l i z e d  as shown i n  

12 



compa t ib i l i t y  between tempera tures  i n  t h e  two types  of  e lements .  Temperatures 
i n  t h e  s t r u c t u r e  were cons t r a ined  no t  t o  exceed 2600 C (500° F ) .  Thus, based 
on t h e  f in i te -e lement  i d e a l i z a t i o n ,  t h i s  problem had 20 temperature  c o n s t r a i n t s .  

A converged s o l u t i o n  f o r  t he  minimum-mass conf igu ra t ion  t h a t  sa t isf ied the  
temperature  c o n s t r a i n t s  was obtained w i t h  90 i t e r a t i o n s .  
i t e r a t i o n s  requi red  f o r  convergence r e s u l t s  from t h e  l a r g e  number of  c o n s t r a i n t s  
i n  t h e  problem. For t h e  i d e a l i z a t i o n  used i n  t he  problem, a minimum mass of  
0.17 kg (0.37 l b m )  was obta ined .  When only t h e  t i t an ium p la te  w a s  used,  a 
minimum mass o f  0.60 kg (1.33 lbm) was r equ i r ed  t o  s a t i s f y  t h e  m u l t i p l e  temper- 
a t u r e  c o n s t r a i n t s .  Thus, a d d i t i o n  of  t h e  aluminum bars f o r  t h e  purpose of  heat 
conduction reduced the  s t r u c t u r a l  mass by about  70 percen t .  

The large number of  

The p l a t e  t h i ckness  d i s t r i b u t i o n  and bar area d i s t r i b u t i o n  f o r  square  bars 
corresponding t o  the  minimum-mass conf igu ra t ion  are shown i n  f i g u r e  16. S ince  
the  problem is symmetric, only half o f  the  s t r u c t u r e  i s  shown. Nodal tempera- 
t u r e s  f o r  t h e  minimum-mass s o l u t i o n  are given i n  tab le  V I .  A complete p i c t u r e  
o f  the  temperature  f i e l d  i n  t h e  s t r u c t u r e  is shown i n  f i g u r e  17. S ince  the  
nodal  tempera tures  presented  i n  table  V I  are a t  discrete p o i n t s ,  t h e  tempera- 
t u r e s  shown i n  f i g u r e  17 are c a l c u l a t e d  over t he  e n t i r e  p l a t e  a t  very small  
i n t e r v a l s .  Again, because o f  t he  symmetry i n  the  problem, tempera tures  are shown 
f o r  only h a l f  o f  t h e  s t r u c t u r e .  The sha rp  d i p s  i n  t h e  temperature  d i s t r i b u t i o n  
near  t h e  aluminum bars occur  because the bars provide a bet ter  conduction pa th  
t o  the  heat s i n k  than t h e  t i t a n i u m  plate .  

CONCLUDING REMARKS 

An o p t i m a l i t y  c r i t e r i o n  i s  presented  f o r  minimum-mass des ign  o f  heated 
s t r u c t u r e s  w i t h  c o n s t r a i n t s  on temperature .  The thermal o p t i m a l i t y  c r i t e r i o n  
is similar t o  an e x i s t i n g  o p t i m a l i t y  c r i t e r i o n  f o r  mechanically loaded s t r u c -  
t u r e s  w i t h  d isplacement  c o n s t r a i n t s .  Res iz ing  formulas  from the  thermal o p t i -  
ma l i ty  c r i t e r i o n  are app l i ed  t o  both one- and two-dimensional problems where 
tempera tures  can be  c o n t r o l l e d  by vary ing  material d i s t r i b u t i o n  i n  t he  s t r u c t u r e  
A comparison of  r e s u l t s  obtained from t h e  o p t i m a l i t y  c r i t e r i o n  w i t h  r e s u l t s  from 
a closed-form s o l u t i o n  and w i t h  r e s u l t s  from a mathematical programing technique  
r e v e a l  t h a t  t h e  o p t i m a l i t y  c r i t e r i o n  r e s u l t s  agreed wi th in  2 percent  of  those  
from t h e  o t h e r  methods. 

For t h e  one-dimensional problems the  o p t i m a l i t y  c r i t e r i o n  converges mono- 
t o n i c a l l y .  However, f o r  t he  two-dimensional problems convergence occurs  i n  
an o s c i l l a t o r y  manner, and the  number o f  i t e r a t i o n s  r equ i r ed  f o r  convergence 
i n c r e a s e s  s i g n i f i c a n t l y  w i t h  e i ther  t h e  number o f  temperature  c o n s t r a i n t s  o r  
degree o f  convec t ive  heat l o s s  p re sen t  i n  t he  problem. 

The thermal o p t i m a l i t y  c r i t e r i o n  is used t o  s i z e  components o f  a heated 
s t r u c t u r e  composed o f  t i t a n i u m  p l a t e s  and aluminum bars w i t h  temperatures  con- 
s t r a i n e d  t o  260° C (500° F )  or less .  Based on thermal c o n s i d e r a t i o n s  on ly ,  
adding aluminum bars reduces t he  combined mass by about  70 percent  of t h a t  for 
t i t a n i u m  p l a t e s  a lone .  
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The thermal o p t i m a l i t y  c r i t e r i o n  augments o p t i m a l i t y  c r i te r ia  f o r  mechan- 
i c a l l y  loaded s t r u c t u r e s  w i t h  s t r e n g t h  and s t i f f n e s s  related c o n s t r a i n t s  and 
o f f e r s  the  p o s s i b i l i t y  o f  ex tens ion  o f  o p t i m a l i t y  techniques  t o  r e s i z i n g  s t r u c -  
t u r e s  w i t h  combined thermal and mechanical loading .  

Langley Research Center 
Nat iona l  Aeronaut ics  and Space Adminis t ra t ion 
Hampton, VA 23665 
August 9, 1977 
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APPENDIX 

THERMAL OPTIMALITY CRITERION 

S i n g l e  Temperature Cons t r a in t  

For s t r u c t u r e s  w i t h  both conduct ive and convect ive modes o f  h e a t  t r a n s f e r  
p r e s e n t ,  t h e  equat ion  governing temperature  response i n  t h e  s t r u c t u r e  can be 
w r i t t e n  i n  f in i te -e lement  mat r ix  n o t a t i o n  as 

where [D] 
convec t ive  hea t  t r a n s f e r ,  {T) is a vec to r  o f  unknown tempera tures ,  and {q) ,  
and { q}2 are app l i ed  thermal  and convect ive hea t  load v e c t o r s ,  r e s p e c t i v e l y .  
The mat r ix  [DJ can be w r i t t e n  as 

is a h e a t - t r a n s f e r  mat r ix  composed o f  terms f o r  both conduct ive and 

where [C] is a conduction mat r ix  and [HI is a convect ion mat r ix .  For s t r u c -  
t u r e s  which can be r ep resen ted  by Nb bar elements  o f  cons t an t  area and Np 
p l a t e  e lements  o f  cons t an t  t h i c k n e s s ,  t h e  t o t a l  mass can be expressed as  

where pb  and pp are the  mass d e n s i t i e s  o f  t h e  b a r  and p l a t e  materials, 
r e s p e c t i v e l y ;  A i  and R i  are t h e  c ros s - sec t iona l  area and l e n g t h  of  t h e  
i t h  bar  e lement ,  r e s p e c t i v e l y ;  t j  and S j  are t h e  th i ckness  and s u r f a c e  
area o f  t h e  j t h  p l a t e  e lement ,  r e s p e c t i v e l y .  The des ign  v a r i a b l e s  are A i  
and t j .  

s p e c i f i e d  va lue  Tc. The equat ion  o f  c o n s t r a i n t  i s  
The temperature  a t  some p o i n t  c on t h e  s t r u c t u r e  is cons t r a ined  t o  a 

o r  

{T}T{Q) - T, = o (A51 

15 
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APPENDIX 

where {T} 
and {Q} 
sponding t o  p o i n t  c. The o p t i m a l i t y  c r i t e r i o n  is given  by equat ion  ( 4 )  i n  t he  
main t e x t  and is r e w r i t t e n  i n  terms of  t he  thermal problem as 

is t h e  nodal  temperature  vec to r  ob ta ined  by s o l u t i o n  o f  equat ion  ( A I )  
is a vec to r  o f  ze ros  except  f o r  a va lue  o f  u n i t y  a t  t he  node cor re-  

f o r  bar elements  and 

f o r  p l a t e  e lements  where X is an unknown Lagrangian m u l t i p l i e r .  

The vec to r  {Q} can be w r i t t e n  as 

(A7 

where {TQ} 
a u n i t  thermal load app l i ed  a t  po in t  c. Replacing {Q} i n  equa t ions  (A61 and 
(A7) with its equ iva len t  from equat ion  ( A 8 )  g i v e s  

is a temperature  vec to r  ob ta ined  by s o l u t i o n  o f  equat ion  ( A l l  f o r  

and 

ppsj  + x -[D]{T~} = o a t j  

as  express ions  o f  t h e  o p t i m a l i t y  c r i t e r i o n  f o r  b a r s  and p l a t e s ,  r e s p e c t i v e l y .  

Expressions f o r  the  p a r t i a l  d e r i v a t i v e s  of  t h e  temperature  vec to r  can be 
obtained by d i f f e r e n t i a t i o n  o f  equat ion  ( A I ) .  Note t h a t ,  f o r  t h e  type  o f  ther- 
mal f i n i t e  e lements  used t o  model t h e  s t r u c t u r e ,  only t h e  conduction mat r ix  [C] 

16 
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is p ropor t iona l  t o  A i  and t j .  D i f f e r e n t i a t i o n  o f  equat ion  (Al)  w i t h  r e s p e c t  
t o  A i  g i v e s  

o r  

S i m i l a r l y  f o r  t j  

Since ,  f o r  t h e  type elements  used h e r e i n ,  t h e  conduction mat r ix  
p o r t i o n a l  t o  A i  and t j ,  t h e  p a r t i a l s  of [C]i w i t h  r e s p e c t  t o  A i  and t j  
can be w r i t t e n  as 

[C] is pro- 

and 

Thus, t h e  opt imal  ty c r i t e r i o n  can f i n a l l y  be w r i t t e n  as 

'p 

17 
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for bars and 

for p l a t e s .  The s u b s c r i p t s  i and j on the  q u a n t i t i e s  (T}, [C] , and (TQ} 
i n d i c a t e  t h a t  those  q u a n t i t i e s  are a s s o c i a t e d  w i t h  the  i t h  ba r  element or j t h  
p l a t e  element.  

Mul t ip le  Temperature C o n s t r a i n t s  

If t h e  s t r u c t u r e  h a s  NT temperature  c o n s t r a i n t s  a t  p o i n t s  C k  
( k  = 1 ,  2 ,  . . ., N T ) ,  t h e  c o n s t r a i n t  equat ions  are w r i t t e n  as  

( A 1 8 1  

The f u n c t i o n a l  g iven  by equat ion  (3) i n  the  main t e x t  becomes 

where are the  unknown Lagrangian m u l t i p l i e r s  for each c o n s t r a i n t  k .  
Appl ica t ion  of t h e  same procedure used for a s i n g l e  c o n s t r a i n t  l e a d s  t o  t h e  
op t ima l i ty  c r i t e r i o n  for mul t ip l e  c o n s t r a i n t s  

for b a r s  and 

f o r  p l a t e s .  

18 
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TABLE I.- EFFECT OF b ON CONVERGENCE OF RESIZING PROCESS 

0.1 
.3 
.5 
.7 
.9 

FOR COOLING FIN PROBLEM IDEALIZED WITH FIVE ELEMENTS 

[NG = 1.0; B i  = 0; Tc = 0 . 4  
- 

1.5168 
1.5168 
1.5168 
1.5168 
1.5168 

Converged 
va lue  of volume 

V b 

1 tera t i o n  

1 
5 

30 

20 l 5  
(a)  

Converged v a l u e  
of tempera ture  

a t  c o n s t a n t  - p o i n t  
T 

- - 
V TC 

0.6719 0.6691 
1.4441 .3148 
1.5145 .3004 
1.5167 -3000 
1.5168 .3000 
1.4815 .3000 

No. of i t e r a t i o n s  
t o  r each  convergence 

T' 
0.6674 0.6669 
1.4306 -3146 
1.5001 .3004 
1.5022 .3000 
1.5023 .3000 
1.4815 .3000 

0.3000 

-3000 
.3000 

.3000 

.3000 

139 
38 
16 
16 
23 

TABLE 11.- EFFECT OF FINITE-ELEMENT MESH ON CONVERGENCE OF 

I 5 elements  I I O  e lements  

0.6686 
1.4342 
1.5039 
1.5061 
1.5061 
1.4815 

0.6674 
.3146 
.3004 
.3000 
.3000 
.3000 

aObtained from closed-form s o l u t i o n  of 

20 



TABLE 111.- E F F E C T  OF CONVECTION ON MINIMUM VOLUME 

5 1.5168 
10 1.5061 
20 1.5023 

FOR COOLING F I N  

~~~~ 

1.4878 1.4005 1.2232 
1.4774 1.3906 1.2147 
1.4736 1.3870 1.2115 

r I I I - I No. of I Converged f i n  volume, V 
e l  emen t s 

/ B i  = 0 1 B i  = 0.05 1 B i  = 0.2 1 B i  = 0.5 
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-.  

I t e r a t ion  

1 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 

( a )  

10.00 

TABLE 1V.- EFFECT OF CONVECTION ON MINIMUM VOLUME FOR HEATED 

SQUARE PLATE WITH SINGLE TEMPERATURE CONSTRAINT 

1 

- - [NG I 1.0; Tc = 10.0; Ta = 5.01 

.0474 

B i  0.025 

- 
V 

1 .oooo 
.7890 
.1970 
.0523 
.0246 
.0199 
.0239 
.0347 
.049 1 
.058 1 
.057 1 
.0505 
.0442 
.0405 
.0395 
.0403 
.0419 
.0434 
.0443 
.0444 
.0444 
.0444 
.0444 
.0444 
.0442 
.0439 
.0436 
.0434 
.0434 
.0435 
.0437 
.0439 
.0440 
.0439 
.0438 
.0437 
.0436 
.0436 
.0436 
.0437 
.0438 
.0438 
.0438 
.0438 
.0437 

1 
.0442 

- 
T 

0.66 
.78 

2.90 
9.42 

16.70 
19.00 
16.50 
12.30 
9.22 
7.91 
7.93 
8.76 
9.80 

10.50 
10.70 
10.60 
10.20 
9.90 
9.80 
9.89 

10.00 
10.00 
10.00 

9.98 
9.95 
9.95 
9.97 

10.00 

I 
9.98 
9.97 
9.97 
9.99 

10 .oo 

I 
9.99 
9.99 

10.00 

1 
9.98 

B i  = 0.075 

- 
V 

I .oooo 
.8530 
.2330 
.0618 
.0242 
.0135 
.0097 
.oog 1 
.0115 
.0134 
.0324 
.0510 
.0625 
.0598 
.Ob92 
.0388 
.0317 
.0278 
.0263 
.0269 
.0289 
.0318 
.0347 
.0368 
.0378 
.0374 
.0363 
.0350 
.0339 
.0332 
.0330 
.0333 
.0337 
.0342 
.0346 
.0348 
.0349 
.0347 
.0345 
.0343 
.0341 
.0340 
.0340 
.0341 
.0342 
.0343 
.0344 
.0344 
.0344 
.0344 
.0343 
.0343 
.0342 

- 
T 

o .7a 
.86 

2.78 
7.77 

12.70 
15.20 
16.10 

15.10 
13.00 
10.20 
7.93 
6.95 
7.15 
8.08 
9.28 

10.30 
11 .oo 
11.30 
11.20 
10.30 
10.30 
9.89 
9.58 
9.46 
9.53 
9.71 
9.92 

10.10 
10.20 
10.20 
10.20 
10.10 
10.00 
9.95 
9.91 
9.91 
9.93 
9.90 

10.00 

16.10 

1 
9.99 
9.98 
9.98 
9.99 

10.00 
10.00 
9.97 

a O b t a i n e d  by m e t h o d  of references 9 and 10. 



TABLE V.- EFFECT OF MULTIPLE TEMPERATURE CONSTRAINTS 

ON HEATED TRIANGULAR PLATE 

[NG = 1.0; B i  = 03 

( a )  S i n g l e  c o n s t r a i n t  

[Tc3 = 10.03 

It era t i o n  

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14  
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 

( a )  

- 
V 

0.5000 
.5140 
-1180 
.0266 
.0125 

-0176 
.0255 
.0307 
.0307 
.0279 
.0254 
.0242 
.024 1 
.0247 
.0252 
.0255 
.0254 
.0252 
.025 1 
.0250 
.0249 
.0249 
.0250 
.0249 
.0249 
.0252 

.0123 

- - 
Tc1 = Tc2 

0.38 
.36 

1.57 
6.97 

14.80 
15.00 
10.50 
7.25 
6.03 
6.03 
6.63 
7.29 
7.66 
7.69 
7.54 
7.38 
7.32 
7.34 
7.40 
7.47 
7.41 
7.41 
7.45 
7.47 
7 :43 
7.43 
7.41 

- 
Tc3 

0.53 
.51 

2.21 
9.76 

20.70 
20.90 
14.50 
10 .oo 
8.31 
8.29 
9.08 
9.97 

10.40 
10.40 
10.20 
9.99 
9.87 
9.87 
9.93 
9.99 

10 .oo 
10.00 
10 .oo 
9.99 

10.00 
10.00 
9.99 

aObtained by method of r e f e r e n c e s  9 and I O .  
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TABLE V .  - Concluded 

v 

I t e r a t i o n  

5.00 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 
31 
32 
33 
34 
35 
36 
37 
38 
39 
40 
41 
42 
43 
44 
45 

(a)  

(b) Mul t ip l e  c o n s t r a i n t s  
- - 

[Tc3 = 10.0; Tc l  = Tc2 = 5.01 

- 
V 

0.5000 
.8120 
.2070 
.0409 
.0160 
.0142 
.0200 
.030 1 
.038 1 
.0393 
.0360 - 0325 
.0307 
.0304 
.0310 
.0318 
.0323 
.0323 
.032 1 
.0319 

.0318 

.0318 

.0319 

.0319 

.0318 

.0318 

.0318 

I 
.0319 
.0319 

.0318 

.0318 

.0317 

.0317 

.0317 

.0317 

.0317 

.0316 

.0316 

.0316 

.0312 

.0318 

.0318 

-- 
Tc3 

0.53 
.33 

1.33 
6.80 

17.50 
20 .oo 
14.30 
9.62 
7.67 
7.48 
8.22 
9.16 
9.77 
9.91 
9.74 
9 -54 
9.44 
9.45 
9.52 
9.59 
9.64 
9.66 
9.66 
9.66 
9.67 
9.69 
9.71 
9.73 
9.75 
9.77 
9.78 
9.80 
9.81 
9.83 
9.85 
9.88 
9.91 
9.93 
9.95 
9.97 
9.98 
9.99 
9.99 

10.00 
10 .oo 
10.00 
9.94 

aObtained by method of r e fe rences  9 and 10. 
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TABLE VI.- NODAL TEMPERATURE DISTRIBUTION FOR COMBINED 

PLATE-BAR PROBLEM 

[Constraint :  T 5 260° C (500O F) for a l l  nodal  points] 

Nodal c o o r d i n a t e s  

cm 

X 

i n .  

0 .oo 
1.91 
3.81 
5.72 
7.62 
. 00 

I .91 
3.81 
5.72 
7.62 
. 00 

1.91 
3.81 
5.72 
7.62 
. 00 

1.91 
3.81 
5.72 
7.62 . 00 
1.91 
3.81 
5.72 
7.62 

0.00 
.75 

1.50 
2.25 
3 .OO 

* 00 
.75 

1.50 
2.25 
3 .OO 
. 00 
* 75 

1 .50 
2 -25 
3 .OO 
. 00 
.75 

1.50 
2.25 

* 00 
.75 

1.50 
2.25 
3.00 

3 -00 

c m  

0.00 
. 00 
. 00 
. 00 . 00 

1.91 
1.91 
1.91 
1.91 
1.91 
3.81 
3.81 
3.81 
3.81 
3.81 
5.72 
5.72 
5.72 
5.72 
5.72 
7.62 
7.62 
7.62 
7.62 
7.62 

Y 

i n .  

0 .oo 
.oo 
. 00 
.oo 
. 00 
* 75 
.75 
.75 
.75 
.75 

1.50 
1.50 
1.50 
1.50 
1.50 
2.25 
2.25 
2.25 
2.25 
2.25 
3 .OO 
3 .OO 
3.00 
3 -00 
3.00 

Temperature 

OC 

260 
21 1 
105 
21 1 
260 
258 
193 
92 

193 
258 
129 
111 
54 

111 
129 
259 
2 44 

21 
244 
259 
-18 
-18 
-18 
-18 
-18 

OF 

500 
41 1 
22 1 
41 1 
500 
497 
380 
198 
380 
497 
264 
23 1 
130 
23 1 
264 
499 
472 

70 
472 
499 

0 
0 
0 
0 
0 
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Figure 1.- Fin geometry and boundary conditions. 
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80 No. of 
iterations 60 

40 

20 

0 .2 .4 .6 .8 1.0 
b 

Figure  2.- Effects of  parameter  b for  f i n  - problem, f ive-element  s o l u t i o n .  
NG = 1.0; B i  = 0; T, = 0.3. 
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1.55 r 

- I- Closed-form solution (ref. 8) 

1-45 t 
I J 

0 5 10 15 20 
No. of elements 

(a)  D i s c r e t i z a t i o n  effects  on optimum volume. 

1.6 r 

I 

0 5 10 15 20 
No. of iterations 

( b )  I t e r a t i o n s  r equ i r ed  t o  reach optimum volume; 20-element s o l u t i o n .  

- 
Tc 

0 5 10 15 20 
No. of iterations 

( c )  I t e r a t i o n s  r equ i r ed  t o  s a t i s f y  temperature  c o n s t r a i n t ;  20-element s o l u t i o n .  

F igure  3.- Fini te-element  convergence s t u d i e s  for f i n  problem. - 
NG = 1.0; Bi = 0;  Tc = 0.3. 
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- 
A 

- 
A 

2.4 

1.6 

.8 
Presen t  solution 

0 .2 .4 .6 .8 1.0 

( a>  %element solution. 

- 
X 

2.4 

1.6 

.8 

r r Closed-form solution 

P resen t  solution 
- 

I I I 
0 .2 .6 .8 1.0 

A 

(b) IO-element solution. 

2.4 r- I- Closed-form solution 

1.6 

.8 

0 .2 .4 - .6 .8 1.0 
X 

( c >  20-element solution. 

Figure  4.- Area distribution for fin problem. - 
NG = 1.0; Bi 0; T, 0.3. 
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- 
T 

.30 

.25 

.20 

.15 

.10 

.05 

0 

C105 ed-fo r m  solution 
-- Present solution 

.2 .4 - .6 .% 1.0 
X 

Figure  5.- Temperature d i s t r i b u t i o n  - for  f i n  problem. 
NG'= 1.0; Bi = 0; T, = 0.3. 



2-4 r 
B. 1 = 0 
B; = 0.5 -- 

1 . I  I 
.2 .4 - .6 .8 1 .o 

X 

_. I __ _I_-- 
0 

.30 

.25 

.20 

- 
T .15 

.10 

.05 

0 

(a> Area d i s t r i b u t i o n .  

B. = 0 
B. = 0.5 
1 

1 
-- 

.2 .4 - .6 
X 

( b )  Temperature d i s t r i b u t i o n .  

.8 1.0 

Figure  6.- Effects o f  convect ion for  f i n  problem. - - 
NG = 1.0; Tc = 0.3; Ta = 0.05. 
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1.3 

0 .I .2 .3 
Bi 

.4 

Figure  7.- Effect of convect ion on minimum f i n  volume. - - 
NG = 1 .0 ;  Tc = 0.3; T, = 0.05. 
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Figure 8.- Square plate with finite-element discretization. 
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Figure  9. Square p l a t e  t h i ckness  d i s t r i b u t i o n  fo r  minimum volume. 
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Figure 10.- Temperature d i s t r i b u t i o n  for minimum volume square p l a t e .  
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(b) Convergence o f  temperature  a t  c o n s t r a i n t  p o i n t .  

F igure  11.-  Effect of  - convect ion - on square p l a t e .  
NG = 1.0; T c  = 10.0; T a  = 5.0. 
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Figure 12.- Triangular plate with finite-element discretization. 
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(b) Convergence of temperature  a t  c o n s t r a i n t  p o i n t s .  

F igure  13.- Effects of m u l t i p l e  c o n s t r a i n t s  on t r i a n g u l a r  plate. 
NG = 1.0; Bi = 0. 
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( b )  Mul t ip l e  c o n s t r a i n t s .  

F igu re  14.- Temperature d i s t r i b u t i o n s  for heated t r i a n g u l a r  plate.  
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F igure  15.- Combined late-bar problem. Heat f l u x ,  34.1 kW/m2 
(10 800 B t u / f t  z -hr). (Dimensions i n  c m  ( i n . ) . )  
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Figure 16.- Material distribution for combined plate-bar problem. 
(Dimensions in cm (in.).) 
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Figure 17.- Temperature d i s t r i b u t i o n  f o r  combined plate-bar  problem. 
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